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Abstract 

We  examined the invariant measures for stochastic evolution equations in Hilbert space and derive a 

sufficient condition for the existence of an invariant measure in a global case for a more corrupted noise 

than Wiener processes for a stochastic evolution equation on a separable Hilbert space 𝐻 defined by 𝑑𝑋 =

(𝐴𝑋(𝑡) + 𝐹(𝑋(𝑡))𝑑𝑡 + 𝐵(𝑋(𝑡))𝑑𝑍(𝑡)  , 𝑡 ≥ 0 , 𝑋(0) = 𝜂  ,       

where 𝜂 ∈ 𝐻, 𝐴 is a linear operator , 𝐹 is a bounded mapping from 𝐻 𝑖𝑛𝑡𝑜 𝐻, 𝑍 takes values in a separable 

Hilbert space, 𝑈 𝑎𝑛𝑑 𝐵, is a bounded mapping from 𝐻 into space of linear continuous operators from 

𝑈 𝑖𝑛𝑡𝑜 𝐻. 

Keywords: Stochastic Evolution Equation, Hilbert space, Semi-linear stochastic evolution equation. 

 

1. INTRODUCTION: 

The study on invariant measures for (stochastic) dynamical systems is an importanttopic in the 

theory of (stochastic) dynamical systems. These measures provide certain invariant 

characterization such as ergodicity, strong or weak asymptotic stability forthe processes described 

by the systems. The research on the existence, uniqueness and regularity of invariant measures for 

stochastic evolution equations in Hilbertspaces has received a lot of attention (see [4,5,6,11]). Some 

useful methods have been developed in dealing with the invariant measures of stochastic evolution 

equations in Hilbert spaces in terms of different conditions on the coefficients of the stochastic 

evolution equations (SEEs). For the existence of invariant measures, the Krylov–Bogoliubov 

criterion is a powerful tool. Some efficient methods (so-called compactness method and 

dissipativity method) have been used by Da Prato, Gatarek and Zabczyk [3] and were further 

applied to study some specific equations. There are mainly three ways to show the uniqueness of 

invariant measures. The first one is to verify the strong Feller property (SFP) and irreducibility (I) 

(see [1,2,10,12]). In this case, one usually had to assume that the noise term is nondegenerate. The 

second one is the so-called Lyapunov approach (see [7,8,9]). In this case, the SEE’s admit 

degenerate noise. The third one is the dissipative method developed by Da Prato, G¸atarek and 

Zabczyk [3].In this case, the drift coefficients can satisfy some dissipativity (for example, 

havingcertain polynomial growth). There are also some other methods of proving uniqueness 

of invariant measures (see [11]). The regularity of invariant measures in the Hilbert space setting 

has been studied by Da Prato and Zabczyk. 

In recent times, the growing interest in stochastic evolution equations with white noise driven by 

various dimensional Wiener process has received robust research. Extensive works of the existence 

and uniqueness have been studied see [13 and 15].The research of infinite dimensional equations 

driven by not well developed, especially in the area of invariant measure in the case of Gaussian  

noise [15].  
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2.  Invariant Measures 

This paper extend the work on the  existence of invariant measure in infinite dimensional Wiener 

process of  a stochastic evolution equation in a separable Hilbert space driven by Hilbert space 

valued process.  

Consider a semi-linear stochastic evolution equation  (SEE) in a separable real Hilbert 

space(𝑈, ‖∙‖𝑢). 

We consider a stochastic evolution equation on a separable Hilbert space 𝐻 defined by 𝑑𝑋 =

(𝐴𝑋(𝑡) + 𝐹(𝑋(𝑡))𝑑𝑡 + 𝐵(𝑋(𝑡))𝑑𝑍(𝑡)  , 𝑡 ≥ 0 

𝑋(0) = 𝜂  ,            (1) 

Where the noise is driven by Hilbert space valued process (𝑍(𝑡))𝑡≥0 with stationary and 

independent increments and locally bounded second moments. 

If the semigroup, generated by the part of 𝐴 is hyperbolic and Lipschitz constants of the 

nonlinearities 𝐹 𝑎𝑛𝑑 𝐺 are sufficiently small, then the existence of a bounded solution implies 

existence of an invariant measure. 

Let 𝐻 𝑎𝑛𝑑 𝐸 be separable real Hilbert spaces, let 𝐴 be the generator of a strongly continuous 

semigroup (𝑆(𝑡))𝑡≥0 𝑖𝑛 𝐸, 𝑙𝑒𝑡 𝐹: 𝐸 → 𝐸 𝑎𝑛𝑑 𝐺: 𝐸 → 𝐿(𝐻, 𝐸) be defined as ‖𝐹(𝑥) − 𝐹(𝑦)‖ ≤
𝐿𝐹‖𝑥 − 𝑦‖, 

‖𝐺(𝑥) − 𝐺(𝑦)‖ ≤ 𝐿𝐺‖𝑥 − 𝑦‖, ∀𝑥, 𝑦 ∈ 𝐸, 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑠 𝐿𝐹 , 𝐿𝐺 > 0. 

𝐿𝑒𝑡 𝐿(𝐻, 𝐸)denotes the space of all bounded linear operators from 𝐻 𝑡𝑜 𝐹 𝑎𝑛𝑑 ‖∙‖ be the norm.  

Let 𝐿𝑒𝑡 (Ω, ℱ, 𝒫) be a probability space and (ℱ𝑡)𝑡≥0 be a filtration in ℱ, 𝑙𝑒𝑡 (𝑍(𝑡))𝑡≥0 be a family 

of random variables on (Ω, ℱ, 𝒫)such that  

𝑍(𝑡) 𝑖𝑠 ℱ𝑡measurable,  𝑍(𝑡 + 𝑢) − 𝑍(𝑡) is independent of ℱ𝑡.   

𝑍(𝑡 + 𝑢) − 𝑍(𝑡) 𝑎𝑛𝑑 𝑍(𝑠 + 𝑢) − 𝑍(𝑠)be of the  same distribution ∀ 𝑠, 𝑡, 𝑢 ≥ 0 

such that 𝑍(0) = 0 𝑎𝑛𝑑  𝑠𝑢𝑝0≤𝑡≤𝑇𝐸‖𝑍(𝑡)‖2 < ∞  ∀ 𝑇 ≥ 0. 

THEOREM1 : Assume condition in (1) and assume that there exist 𝑀 ≥ 0 𝑎𝑛𝑑 𝛼 > 0 such that 

‖𝑆(𝑡)‖ ≤ 𝑀𝑒−𝛼𝑡 ∀ 𝑡 ≥ 0. 𝐿𝑒𝑡 Λ = ((𝔼‖𝑍(1) − 𝔼𝑍(1)‖2)
1

2⁄  𝑖𝑓 𝐿𝐹 𝑎𝑛𝑑 𝐿𝐺  𝑎𝑟𝑒 𝑠𝑚𝑎𝑙𝑙 𝑡ℎ𝑎𝑡  

6𝑀2(𝐿𝐹
2 /𝛼 + 𝐿𝐺

2 Λ) < ∞ , then there exist a unique invariant measure 

𝜇 𝑜𝑓 (1) 𝑤𝑖𝑡ℎ ∫ ‖𝑥‖2𝑑𝜇(𝑥) < ∞
𝐸

 

Consider processes on a complete probability space (Ω, ℱ, ℙ). Let 𝑍(𝑡) be a Lévy process taking 

values in a separable Hilbert space (𝑈, ‖∙‖𝑢). 

Let 𝑍(𝑡) be associated with two measures on 𝑈 and Let the measure of jumps of 𝑍 be 𝜇 and Lévy 

measure of 𝑍be 𝑣. 
 

Let     𝜇([0, 𝑡], Γ) =  ∑ 1Γ(𝑍(𝑠) − 𝑍(𝑠−))0≤𝑠≤𝑡≤ , 

 𝑡𝑣(Γ) = 𝔼(𝜇([0, 𝑡], Γ))        (2)   

http://www.iiardpub.org/


International Journal of Applied Science and Mathematical Theory E- ISSN 2489-009X P-ISSN 2695-1908,  

Vol 7. No. 2 2021www.iiardpub.org 

 

 

 IIARD – International Institute of Academic Research and Development 
 

Page 46 

Where Γ is a Borel subset of 𝑈 such that Γ̅ ⊆ 𝑈 ∖ {0}.  

It implies that 𝑣({0}) = 0  and ∫ min (‖∙‖𝑢
2

𝑢
, 1) 𝑣(𝑑𝑦) < ∞  (3) 

 

The Lévy process 𝑍(𝑡) is represented by  

𝑍(𝑡) = 𝑎𝑡 + 𝑊(𝑡) + ∫ ∫ 𝑦(𝜇(𝑑𝑦, 𝑑𝑠) − 𝑣(𝑑𝑦)(𝑑𝑠) + ∫ ∫ 𝑦𝜇(𝑑𝑦, 𝑑𝑠)
‖𝑦‖𝑢>1

𝑡

0‖𝑦‖𝑢≤1

𝑡

0
 (4)     

 

where𝑎 ∈ 𝑈, 𝑊 is Wiener process with value points in 𝑈 with covariance operator 𝑄.    

Let 𝐿(𝐻) be the space of linear continuous operator from another separable Hilbert space 

 (𝐻, ‖∙‖). Also Let 𝐿(𝑈, 𝐻) be the space of linear continuous operator from 𝑈 𝑖𝑛𝑡𝑜 𝐻.  

Consider a semi-linear stochastic evolution equation in a separable real Hilbert space 𝐻 written  

as 𝑑𝑋(𝑡) = [𝐴𝑋(𝑡) + ℱ(𝑋(𝑡)]𝑑𝑡 + 𝐺(𝑋(𝑡)𝑑𝑍  , 𝑡 ≥ 0, 𝑋(0) = 𝜂.       (5) 

where𝜂 ∈ 𝐻, the noise driven by Hilbert space valued process (𝑍(𝑡))𝑡≥0 with stationary and 

independent increments and locally bounded second moments, 𝐴 is a linear operator with dense 

domain, ℱ is a bounded mapping from 𝐻 𝑡𝑜 𝐿(𝑈, 𝐻). 

We state the following conditions: 

(1) 𝐶 = ∫ ‖𝑦‖𝑢
2 𝑣(𝑑𝑦) < ∞

𝑢
 

 

(2) 𝐴 is the infinitesimal generator of a strongly continuous semi-group on 𝐻, 

 

(3) ∃ ℒ𝛼 > 0 such that ‖𝛼(𝑥) − 𝛼(𝑦)‖ ≤ ℒ𝛼‖𝑥 − 𝑦‖, ∀𝑥, 𝑦 ∈ 𝐻 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒  ℒ𝛼 > 0 

 

(4) ∃ℒ𝛽 > 0 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ‖𝛽(𝑥) − 𝛽(𝑦)‖ℒ(𝑈,𝐻)
≤ ℒ𝛽‖𝑥 − 𝑦‖ 

 

Now, condition (1) implies the existence of ∫ 𝑦𝑣(𝑑𝑦)
‖𝑦‖𝑢>1

 u 

We have, ∫ ‖𝑦‖𝑢𝑣(𝑑𝑦) ≤ ∫ ‖𝑦‖𝑢
2 𝑣(𝑑𝑦) ≤ ∫ ‖𝑦‖𝑢

2 𝑣(𝑑𝑦) < ∞
𝑢‖𝑦‖𝑢>1‖𝑦‖𝑢>1

  

 (6) 

 ∃𝛽̅ = ∫ 𝑦𝑣(𝑑𝑦) ∈ 𝑈
‖𝑦‖𝑢>1

 

Then 𝑍(𝑡) = 𝑎𝑡 + 𝑊(𝑡) + ∫
𝑡

0
∫ 𝑦(𝜇(𝑑𝑦, 𝑑𝑠) − 𝑣(𝑑𝑦)(𝑑𝑠) + ∫ ∫ 𝑦𝜇(𝑑𝑦, 𝑑𝑠)

‖𝑦‖𝑢>1

𝑡

0‖𝑦‖𝑢≤1
 

-∫ ∫ 𝑦𝑣(𝑑𝑦, 𝑑𝑠) + 𝑏𝑡
‖𝑦‖𝑢>1

𝑡

0
       (7) 

        =(𝑎 + 𝑏)𝑡 + 𝑊(𝑡) + ∫ ∫ 𝑦(𝜇(𝑑𝑦, 𝑑𝑠) − 𝑣(𝑑𝑦)𝑑𝑠)
𝑢

𝑡

0
  (8)                     

So that,  𝐸𝑍(1) = 𝑎 + 𝑏 𝑎𝑛𝑑 𝑉𝑎𝑟𝑍(1) = 𝑉𝑎𝑟 𝑊(1) + ∫ ∫ ‖𝑦‖2𝑣(𝑑𝑦)𝑑𝑠 = 𝑇𝑟Λ + 𝑘
𝑢

1

0
 (9) 

For process𝑍(𝑡), 𝑡 ≥ 0, 𝐿𝑒𝑡 𝑍̂(𝑡) be a process defined by     
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 𝑍̂(𝑡) = {
      𝑍(𝑡)        ,      𝑡 ≥ 0         

𝑍𝐿(−𝑡) ,           𝑡 < 0
, 𝑡 ∈ ℝ       (10) 

 where(𝑍𝐿(𝑡))  is a Lévy  process with same distribution as (𝑍 (𝑡)) and independent of  

 (𝑍 (𝑡)) 𝑡≥0. 

DEFINITION 1:Let 𝐻 be a separable real Hilbert space. Let a probability space be given as 

(Ω, ℱ, ℙ). Let 𝑍 = (𝑍(𝑡))𝑡≥0 be a family of 𝐻-valued random variables defined on (Ω, ℱ, ℙ). 

Then 𝑍 is a process with independent increments. 

If  (a) for every 𝑡 ≥ 𝑠 ≥ 0 the increment 𝑍(𝑡) − 𝑍(𝑠)is independent of the 

𝜎 −algebragenerated  by{𝑍(𝑢): 0 ≤ 𝑢 ≤ 𝑠}, 𝑍 has stationary increment, 

If  (b)  for every 𝑠, 𝑡, 𝑢 ≥ 0, the increments (𝑍(𝑡 + 𝑢) − 𝑍(𝑢)) 𝑎𝑛𝑑 (𝑍(𝑠 + 𝑢) − 𝑍(𝑠)) have 

the same distribution. 

The family (𝑍(𝑡)) is called a Lévy process if in addition to (a) and (b), we have 

 (c) 𝑍(0) = 0, ℙ − 𝑎. 𝑠. 

 (d)   𝑡 → 𝑍(𝑡) is continuous in probability; if 𝑡 → 𝑡0, 𝑡ℎ𝑒𝑛 ℙ(‖𝑍(𝑡) − 𝑍(𝑡0)‖ > 𝜖) ∀𝜖 > 0 

. 

The process 𝑍 is called (ℱ𝑡)𝑡 stationary independent increments process if 𝑍 is 

(ℱ𝑡)𝑡adapted. 

The 𝑍 has stationary increments, and for every 𝑡 ≥ 𝑠 ≥ 0 the increment 𝑍(𝑡) − 𝑍(𝑠) is 

independent of (ℱ𝑠) . 

LEMMA 1:Let (𝐻, ‖∙‖) be a normed space. Let 𝑇 > 0 and Let𝑢: [0, 𝑇] → 𝐻 be  

additive,  that is, 𝑢(𝑠 + 𝑡) = 𝑢(𝑠) + 𝑢(𝑡)   𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑠, 𝑡 ≥ 0 𝑤𝑖𝑡ℎ 𝑠 + 𝑡 ≤ 𝑇. If 𝑢 is  

bounded on [0, 𝑇], then 𝑢(𝑡) = (𝑡
𝑇⁄ )𝑢(𝑇)  ∀ 𝑡 ∈ [0, 𝑇].      (11) 

LEMMA2:If 𝑠𝑢𝑝0≤𝑡≤𝑇𝔼‖𝑍(𝑡)‖ < ∞  ∀ 𝑇 > 0 , 𝑡ℎ𝑒𝑛 𝔼𝑍(𝑡) = 𝑡𝔼𝑍(1) ∀ 𝑡 ≥ 0.   (12) 

If 𝔼‖𝑍(𝑡)‖2 < ∞  ∀ 𝑡 > 0, then 𝔼‖𝑍̂(𝑡)‖
2

= 𝑡𝔼‖𝑍̂(1)‖
2

  ∀ 𝑡 ≥ 0, 

where𝑍̂(𝑡) = 𝑍(𝑡) − 𝔼𝑍(𝑡), 𝑡 ≥ 0.       (13) 

Proof: If 𝔼‖𝑍(𝑡)‖ < ∞ then 𝑍(𝑡) is Bochner integrable, implies that 𝔼𝑍(𝑡) ∈ 𝐻 is well defined. 

Given that 𝑠, 𝑡 ≥ 0 then: 

𝔼𝑍(𝑠 + 𝑡) = 𝔼[𝑍(𝑠 + 𝑡) − 𝑍(𝑡)] + 𝔼𝑍(𝑡) = 𝔼[𝑍(𝑠) − 𝑍(0)] + 𝔼𝑍(𝑡)=𝔼𝑍(𝑠) + 𝔼𝑍(𝑡) 

Hence 𝑡 → 𝔼𝑍(𝑡) is additive and ‖𝔼𝑍(𝑡)‖ ≤ 𝔼‖𝑍(𝑡)‖ bounded on [0, 𝑇]. 

If 𝔼‖𝑍(𝑡)‖2 < ∞, 𝑡ℎ𝑒𝑛 𝔼‖𝑍(𝑡)‖ ≤ (𝔼‖𝑍(𝑡)‖2)1 2⁄ < ∞, and given that 𝑍̃(𝑡) is well 

defined, also 𝔼‖𝑍̃(𝑡)‖
2

< ∞  ∀ 𝑡 ≥ 0. For , 𝑡 ≥ 0 , then ,  
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𝔼‖𝑍̃(𝑠 + 𝑡)‖
2

= 𝔼 [‖𝑍̃(𝑠 + 𝑡) − 𝑍̃(𝑡)‖
2

+ 2〈𝑍̃(𝑠 + 𝑡) − 𝑍̃(𝑡), 𝑍(𝑡)〉 + ‖𝑍̃(𝑡)‖
2

] 

  𝔼‖𝑍̃(𝑠)‖
2

+ 𝔼‖𝑍̃(𝑡)‖
2
 .  

Corollary: If 𝑣: [0, ∞) → [0, ∞) is additive, that is 𝑣(𝑠 + 𝑡) = 𝑣(𝑠) + 𝑣(𝑡)  ∀ 𝑠, 𝑡 ≥ 0,                            

then𝑣(𝑡) = 𝑡𝑣(1)   ∀ 𝑡 ≥ 0 . 

Proof: Let 𝑇 > 0 be arbitrary. The function 𝑣 is additive on [0, 𝑇]. As 𝑣(𝑡) ≥ 0    ∀ 𝑡, 𝑉 is 

monotonically increasing in the domain [0, 𝑇]. Hence 0 = 𝑣(0) ≤ 𝑣(𝑇)   ∀ 𝑡 ∈ [0, 𝑇]. 

DEFINITION 2:  Given a separable Hilbert space with inner product〈∙

,∙〉𝐻  𝑎𝑛𝑑 𝑑𝑢𝑎𝑙 𝐻∗, 𝑛𝑜𝑟𝑚 |∙|,   and a  Markovsemigroup𝒫𝑡, 𝒫𝑡Φ(𝑥) = ∫ Φ(𝑦)𝜋𝑡(𝑥, 𝑑𝑦),   𝑡 ≥
𝐻

0,   Φ ∈ 𝒞𝑏(𝐻)   𝑜𝑛 𝐻.     

Let 𝒫𝑡 be Feller, that is Φ ∈ 𝒞𝑏(𝐻) ⇒ 𝒫𝑡Φ ∈ 𝒞𝑏(𝐻)  ∀ 𝑡 ≥ 0 . 

On the existence of invariant measure, we shall prove the Krylov-Bogoliubov theorem with 

concrete example. 

Assume that for some𝑥0 ∈ 𝐻  , ∃ 𝑡ℎ𝑒 lim
𝑡→∞

𝒫𝑡Φ(𝑥0) = ℱ𝑥0
(Φ)   , ∀Φ ∈ 𝒞𝑏(𝐻).     (14) 

Then , we can verify that ℱ𝑥0
 is  appositive functional from the 𝒞𝑏(𝐻) 𝑖𝑛𝑡𝑜 ℝ, and ℱ𝑥0

 is 

invariant for 𝒫𝑡, given that ℱx0
( 𝒫𝑡Φ) = ℱ𝑥0

(Φ)   , ∀Φ ∈ 𝒞𝑏(𝐻) 𝑎𝑛𝑑 𝑡 ≥ 0.   (15) 

Setting Φ = 𝒫𝑠(Φ), Φ ∈ 𝒞𝑏(𝐻) ⇒   lim
𝑡→+∞

𝒫𝑡𝒫𝑠Φ(𝑥0) = ℱ𝑥0
(𝒫𝑠Φ).  

Again , lim
𝑡→+∞

𝒫𝑡𝒫𝑠Φ(𝑥0) = lim
𝑡→+∞

𝒫𝑡+𝑠Φ(𝑥0) = ℱ𝑥0
(Φ).  

(15) follows. Let 𝜇𝑇(𝐸) =
1

𝑇
∫ 𝜋𝑡(𝑥0, 𝐸)𝑑𝑡,   𝐸 ∈ ℬ(𝐻), 𝑇 > 0

𝑇

0
.                   (16)    

(16) is valid since the mapping [0, +∞) → ℝ, 𝑡 → 𝜋𝑡(𝑥0,𝐸) = 𝒫𝑡1𝐸(𝑥0)  𝑖𝑠 𝐵𝑜𝑟𝑒𝑙 

THEOREM 2:𝐿𝑒𝑡 𝒫𝑡 be a Markov semigroup. Assume that for some 𝑥0 ∈ 𝐻, 𝑡ℎ𝑒  𝑠𝑒𝑡  (𝜇𝑇)𝑇 >
0, defined by (16) is tight. Then there is an invariant measure. 

Proof : By the Prokhorov theorem, there exists a sequence 𝑇𝑛 ↑ ∞ and a probability measure 𝜇 ∈

𝒫(𝐻)𝑠𝑢𝑐ℎ   𝑡ℎ𝑎𝑡 lim
𝑛→∞

∫ Φ(𝑥)𝜇𝑇𝑛(𝑑𝑥) = ∫ Φ(𝑥)𝜇(𝑑𝑥)  ∀Φ ∈  𝒞𝑏(𝐻)
𝐻𝐻

 , by Fubini theorem, 

we can recast it as lim
𝑛→∞

1

𝑇𝑛
∫ 𝒫𝑡Φ(𝑥0)𝑑𝑡

𝑇𝑛

0
=  ∫ Φ(𝑥)𝜇(𝑑𝑥)  ∀Φ ∈  𝒞𝑏(𝐻)

𝐻
. (17)𝐿𝑒𝑡 Φ =

𝒫𝑠Φ, 𝑓𝑜𝑟 𝑠 ≥ 0 , Φ ∈  𝒞𝑏(𝐻)since𝒫𝑡 is Feller. 

Again , lim
𝑛→∞

1

𝑇𝑛
∫ 𝒫𝑡+𝑠

𝑇𝑛

0
Φ(𝑥0)𝑑𝑡 = ∫ 𝒫𝑠Φ(𝑑𝜇)∀Φ ∈  𝒞𝑏(𝐻)

𝐻
.                              (18) 

We need to establish that lim
𝑛→∞

1

𝑇𝑛
∫ 𝒫𝑡+𝑠

𝑇𝑛

0
Φ(𝑥0)𝑑𝑡 = ∫ Φ(𝑑𝜇)

𝐻
is invariant. From (17), 

lim
𝑛→∞

1

𝑇𝑛
∫ 𝒫𝑡+𝑠

𝑇𝑛

0
Φ(𝑥0)𝑑𝑡 =

1

𝑇𝑛
∫ 𝒫t Φ(𝑥0)𝑑𝑡

𝑇𝑛+𝑠

0
 

=
1

𝑇𝑛
∫ 𝒫𝑡Φ(𝑥0)𝑑𝑡 +

1

𝑇𝑛
∫ 𝒫𝑡Φ(𝑥0)𝑑𝑡

𝑇𝑛+𝑠

𝑇𝑛

𝑇𝑛

0
−

1

𝑇𝑛
∫ 𝒫𝑡Φ(𝑥0)𝑑𝑡

𝑠

0
  ⇒ ∫ Φ(𝑥)𝜇(𝑑𝑥) 𝑎𝑠 𝑛 → ∞

𝐻
. 
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3 Existence Of An Invariant Measure 

The existence and the uniqueness of an invariant measure is considered in this section. 

𝐿𝑒𝑡 (Ω, ℱ, ℙ)be a complete probability space, we consider a multidimensional diffusion process 

𝑋(𝑡) = 𝑋𝑡 which is a solution of the following stochastic differential problem 

𝑑𝑋𝑡 = 𝑏(𝑋𝑡)𝑑𝑡 + 𝜎(𝑋𝑡)𝑑𝑊𝑡 

𝑋0 = 𝑢0 ∈ ℝ𝑑.          

 (19) 

 

Where (𝑊𝑡)𝑡∈[0,𝑇] is the standard 𝑑-dimentional Brownian motion,𝑑 ∈ 𝑁, the drift 

coefficient 𝑏: ℝ𝑑 and 𝜎: ℝ𝑑 → ℒ(ℝ𝑚, ℝ𝑑),   𝑚 ∈ 𝑁 are Lipschitz continuous function. The 

problem of (19) admits the following stochastic representation: 

𝑆𝑡 𝜑(𝑥) = 𝔼[𝜑(𝑋(𝑡, 𝑥)], 𝑥 ∈ ℝ𝑑  , 𝜑 ∈ 𝒞𝑏(ℝ𝑑), 𝑤ℎ𝑒𝑟𝑒 𝑆𝑡, 𝑡 ≥ 0  , is the corresponding transition 

semi group, 𝒞𝑏(ℝ𝑑) denotes the space of all functions  from ℝ𝑑into ℝ that are uniformly 

continuousand bounded, 𝔼 denotes the conditional expectation. 

If 𝑢0: ℝ𝑑 → ℝ is a regular function, then the following function 

𝑢(𝑡, 𝑥) = (𝑆𝑡𝑢0)(𝑥) = 𝔼[𝑢0(𝑋𝑡)].        (20) 

Is the unique solution of the following problem: 

  
𝜕𝑈

𝜕𝑡
+ ℒ𝑢 = 0 𝑖𝑛 [0, +∞ ) × ℝ𝑑  , 𝑢(0, 𝑥) = 𝑢0 𝑖𝑛 ℝ𝑑 .     (21) 

𝑤ℎ𝑒𝑟𝑒 ℒis the linear , second-order uniformly elliptic operator associated with a diffusion 

process in the defined space. 

The infinitesimal generator of the process (19) is given as 

ℒ = −𝑎(𝑥): 𝒟2 − 𝑏(𝑥)∇.         (22)  

           Where the matrix 𝑎(𝑥) = (𝑎𝑖𝑗(𝑥)) is defined as follows:   

 𝑎𝑖𝑗 (𝑥) =
1

2
∑ 𝜎𝑖𝛾(𝑥)𝜎𝑗𝛾(𝑥)   𝑎𝑛𝑑   𝑎(𝑥): 𝒟2 = 𝑡𝑟𝑎𝑐𝑒[𝑎𝒟2] = ∑ 𝑎𝑖𝑗

𝑑
𝑖,𝑗=1 𝜕𝑖𝑗

𝑘
𝛾=1   (23) 

∇ 𝑎𝑛𝑑 𝒟2denote the gradient and the Hessian operators with respect to the spatial variable 𝑥 

respectively. 

Furthermore, state below  the proposition of the auxiliary mapping of Lyapunov function to 

establish the existence of invariant measure.  

PROPOSITION 2: 𝐿𝑒𝑡 𝑉: 𝐻 → [0, +∞] be a Borel function whose level sets 

𝐾𝑎 = {𝑥 ∈ 𝐻: 𝑉(𝑥) ≤ 𝑎}, 𝑎 > 0are compact for any 𝑎 > 0. Assume that ∃ 𝑥0 ∈ ℝ𝑛 𝑎𝑛𝑑 𝒞(𝑥0) >
0 

Such that [𝑉(𝑋(𝑡, 𝑥0))] ≤ 𝒞(𝑥0) , ∀ 𝑡 ≥ 0 .                                (24)                              

Then Λ is nonempty.  

If in addition ∃ 𝒞 > 0 such that 𝔼[𝑉(𝑋(𝑡, 𝑥))] ≤ 𝒞 ∀ 𝑡 ≥ 0, 𝑥 ∈ 𝐻   (25) 

Then Λ is tight and ∫ 𝑉(𝑥)𝜇(𝑑𝑥) ≤ 𝒞
𝑅𝑛 ∀  𝜇 ∈ Λ.         (26) 

Example: (Heat Equation) 

𝐿𝑒𝑡 Λ ⊂ ℝ𝑑be a bounded open set with a 𝒞2 boundary 𝜕Λ. Consider 𝐸 = ℒ2(Λ), and 
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𝐿𝑒𝑡 𝐹: 𝐸 → 𝐸 𝑎𝑛𝑑 𝐺: 𝐸 → ℒ(𝐻, 𝐸)beLipschitz maps with Lipschitz constants 𝐿𝐹 𝑎𝑛𝑑 𝐿𝐺 

respectively.𝐿𝑒𝑡 𝐻 be a separable real Hilbert space on which we consider a stationary 

independent increments process 𝒵 = (𝒵(𝑡))𝑡≥0 defined on a probability space (Ω, ℱ, ℙ) with 

filtration (ℱ𝑡)𝑡≥0. 

Assume (0) = 0  𝑎𝑛𝑑 𝑠𝑢𝑝0≤𝑡≤𝑇 𝔼‖𝒵(𝑡)‖2 < ∞     ∀ 𝑇 > 0.    (27) 

Consider a nonlinear stochastic heat equation: 

𝜕𝑢

𝜕𝑡
(𝑡, 𝑥) = Δ𝑥𝑢(𝑡, 𝑥) + 𝐹(𝑢(𝑡,∙))(𝑥) + (𝐺(𝑢(𝑡,∙))𝑑𝑍(𝑡)(𝑥)  𝑓𝑜𝑟  𝑥 ∈ Λ , 𝑡 ≥ 0 , with initial and 

boundary conditions. 

𝑢(0, 𝑥) = 𝑢0(𝑥) , 𝑥 ∈ Λ 

𝑢(𝑡, 𝑥) = 0, 𝑥 ∈ 𝜕Λ, 𝑤ℎ𝑒𝑟𝑒 𝑢0is an 𝐸- valued ℱ0 - measurable random variable. 

The operator 𝐴 = Δ𝑥 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑜𝑛 𝐷(𝐴) = {𝑢 ∈ 𝐻2(Λ): 𝑢 = 0 𝑜𝑛 𝜕Λ} ⊂ 𝐸 generates a strongly 

continuous semigroup (𝑆(𝑡))𝑡≥0 𝑜𝑛 𝐸 𝑠𝑢𝑐ℎ  𝑡ℎ𝑎𝑡 ‖𝑆(𝑡)‖ ≤ exp(−𝛼𝑡) ∀ 𝑡 ≥ 0  𝑤ℎ𝑒𝑟𝑒 − ∞ < 0 

is the eigenvalue of 𝐴. 

There exists a unique invariant measure 𝜇 for (20) on  𝑤𝑖𝑡ℎ  ∫ ‖𝑥‖2𝑑𝜇 < ∞
𝐸

 , whenever 𝐾 =

6(𝐿𝐹
2 𝛼⁄ + 𝐿𝐺

2 𝜎) < 𝛼,   𝑤ℎ𝑒𝑟𝑒 𝜎 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦 (𝐸‖𝑍(1) − 𝐸𝑍(1)‖2)1 2⁄ , 𝐿𝐺 = 0 for additive 

noise. 

Conclusively , by 𝐿𝑖𝑝𝑠𝑐ℎ𝑖𝑡𝑧 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛, 𝑖𝑓 𝐹 is given by 𝐹(𝑢) = 𝑥 → 𝑓(𝑢(𝑥)), 𝑢 ∈ 𝐿2 (Λ) for 

some continuous function 𝑓: ℝ → ℝ  , 𝑡ℎ𝑒𝑛  𝐿𝐹 ≤ 𝐿𝑓, where 𝐿𝑓 is the Lipschitz constant of 𝑓. 

4. Conclusion :We have examined the invariant measures for stochastic evolution equations in 

Hilbert space and derive a sufficient condition for the existence of an invariant measure in a 

global case for a more corrupted noise than Wiener processes. We conclude the work by the 

problem of Heat equation. The conditions can be extended in the solution to the problems of 

classical linear case by heat equation by relaxing the conditions, that is 𝐹 = 0  𝑎𝑛𝑑 𝐿𝐺 = 0 (see 

[16]) 
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